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I. INTRODUCTION
The edge region of the plasma is thought to have a strong influence on the performance of a tokamak as a whole. For instance, the marked improvement in confinement which is usually observed when the plasma makes the transition from the low confinement L-mode to the high confinement H-mode as the heating power is raised above a certain threshold appears to be due to changes in the edge region. At this transition, an increase in the radial electric field shear at the edge is observed 1 ͑caused by a spontaneous increase of plasma flow͒ and this is thought to decorrelate the plasma turbulence, thus reducing the thermal and particle diffusivities to generate a transport barrier. 2 The pressure gradient is increased in this transport barrier, so that the pressure rises steeply in from the edge up to a so-called ''pedestal'' value. Turbulent transport models for the core confinement ͑the core is defined to be the region on the inner side of the transport barrier region͒ can be very sensitive to the size of this pedestal ͑e.g., Ref. 3͒ and it is therefore an important ingredient in the prediction of the performance of future tokamaks, such as the International Thermonuclear Experimental Reactor ͑ITER͒. 4 To model the edge pedestal, one requires two basic ingredients: the width of the transport barrier and the size of the pressure gradient in the barrier region. To determine the width of the barrier requires a knowledge of the mechanism responsible for its formation ͑e.g., what causes the plasma to spin up at the L-H transition, and over what radial region͒. To determine the size of the pressure gradient requires an understanding of the edge localized modes ͑ELMs͒ which are observed to limit it. While many mechanisms have been proposed for the plasma spin-up, relatively little attention has been given to the problem of analyzing localized edge instabilities. The latter is the main focus for this work.
Often the edge pressure gradient is assumed to be limited by the ideal magnetohydrodynamic ͑MHD͒ ballooning mode, and experimentally it is often comparable to the marginal stability value calculated from conventional ballooning theory. [5] [6] [7] However, conventional ballooning theory 8 cannot be applied at the plasma edge because the associated expansion in large toroidal mode number, n, is not then consistent.
To illustrate the problem, it is worthwhile summarizing the conventional ballooning mode expansion procedure. Starting from the ideal MHD equations, an eigenmode equation is derived whose eigenvalue is the square of the mode frequency. This equation is a two-dimensional partial differential equation in the radial and poloidal angle coordinates and is difficult to solve numerically for large n, when the mode becomes radially localized, because of the need to resolve both the rapid radial variations associated with the mode structure and the slow radial variations associated with the equilibrium. However, under certain conditions a consistent ordering can be developed by expanding in powers of n Ϫ1/2 , which reduces the partial differential equation to a sequence of ordinary differential equations which are easier to solve numerically. First, use is made of the ballooning transform, 8 which maps the poloidal angle ͑defined on ͓Ϫ,͔͒ onto the ballooning angle ͑defined on ͓Ϫϱ,ϱ͔͒: this allows one to replace the periodicity boundary condition in with boundary conditions at ϭϮϱ and to express the ballooning-transformed eigenfunction in eikonal form ͓i.e., as the product of an amplitude F(,) and an eikonal exp͑ϪinS͒, where B-"Sϭ0 and is proportional to the poloidal flux which is used as a radial variable͔. A twodimensional ͑2-D͒ equation for F in and results, which can be solved by developing an expansion in the small parameter n Ϫ1/2
. To leading order, a single ordinary differential ''ballooning equation'' is obtained, involving differential operators in along a field line. This defines a local eigenvalue, 2 (,k), which depends only weakly on through the radial variations in the equilibrium parameters that form the coefficients of the ballooning equation. The parameter k, which represents a radial wave number associated with the eikonal S, is not determined at this order. This parameter k, the radial structure ͑or ''envelope''͒ of the mode and the relation between the local eigenvalue 2 , is not consistent. The new aspect is that when the most unstable position in the plasma ͑as determined from the local eigenvalue 2 ͒ is at the plasma edge, ‫ץ‬ 2 ‫ץ/‬ 0 ͑in general͒; thus the Taylor expansion of 2 () must retain terms linear in Ϫ 0 and the higher order equations in the n Ϫ1/2 expansion are then inconsistent.
There is a second issue related to MHD stability at the plasma edge. Associated with the edge is the potential for a localized high n kink, or ''peeling,'' mode driven by an edge current density. 9, 10 Typically there will always be a finite current density at the plasma edge, either due to a finite edge temperature ͑so that an Ohmic current flows͒ or due to a finite edge pressure gradient, in which case the PfirschSchlüter and bootstrap currents 11 may also contribute. This mode has features which make it a prime candidate for explaining both the improved performance and ease of access to H-mode which occurs when the current is ramped down during a tokamak discharge ͑such a ramp-down transiently reduces the current density at the relatively cool edge͒. 12 In this paper we look in more detail at these edge stability issues, concentrating on high n modes and restricting ourselves to a limiter plasma configuration for simplicity. In the following section we review the status of the peeling mode stability theory, which provides a necessary stability criterion for the mode; this is analagous to the Mercier criterion for localised internal modes. 13 For general axisymmetric toroidal geometry, this peeling mode stability condition is
where D M is the Mercier index ͑i.e., the Mercier stability criterion is 1Ϫ4D M Ͼ0͒, q is the safety factor, j ʈ is the current density parallel to the magnetic field B, R is the major radius, B p is the poloidal magnetic field strength, dl is a poloidal arc length element on a flux surface, and a prime denotes a derivative with respect to ͑defined to increase towards the plasma edge͒. All quantities are evaluated at the plasma edge. The fact that D M is proportional to the pressure gradient suggests that a high pressure gradient tends to stabilize the peeling mode when D M Ͻ0, i.e., there is favorable average curvature, which we term a ''magnetic well.'' However, as we have already discussed, there are pressure gradient driven currents to be included on the right-hand side of Eq. ͑1͒: The bootstrap current is parallel to the magnetic field and is clearly destabilizing, while the Pfirsch-Schlüter current contribution is parallel to the field on the outboard side of the torus, and antiparallel on the inboard side. The role of the Pfirsch-Schlüter current requires a careful evaluation of the flux surface integral, which we perform in Sec. II for a large aspect ratio equilibrium with weak shaping. The result is that it is stabilizing, and comparable in magnitude to the effect of D M . The implications of this are discussed further in Sec. II. The theory described in Sec. II concerns modes which are radially localized on the scale associated with the distance between rational surfaces; ballooning structures which span many rational surfaces ͑though nevertheless are localized with respect to the equilibrium length scale͒ are not described by the stability criterion of Eq. ͑1͒: Eq. ͑1͒ therefore provides a necessary, but not sufficient, stability criterion. In Sec. III we employ a model MHD equation, based on the familiar ''sϪ␣'' model, 14 which has the key ingredients required for both ballooning and peeling modes: toroidal coupling, edge current density, magnetic well, etc. The original derivation of the sϪ␣ model neglected finite aspect ratio effects which would give rise to a magnetic well: We reintroduce the well as a parameter of the model. We use this model equation to illustrate the essential features of edge ballooning modes, by means of ͑i͒ direct numerical solution; ͑ii͒ a modified ballooning formalism, valid at the plasma edge.
In fact, exploiting insights gained from numerical solution of the model system, the new ballooning formalism can be applied to an arbitrary axisymmetric torus, provided the coupling to the peeling mode is neglected. One finds that edge MHD ballooning modes have similar stability properties to the conventional ballooning modes, but a quite different radial mode structure: one which spans ϳn 1/3 rational surfaces with a radial envelope that resembles the exponential tail of an Airy function 15 ͑rather than ϳn 1/2 surfaces with a Gaussian envelope, which is the result for the conventional ballooning modes͒.
We close in Sec. IV with a qualitative discussion of our results and their relevance to features observed on tokamaks. In this paper we concentrate on a limiter geometry, while nevertheless relating many of the results to tokamak behavior found in separatrix geometry. A natural extension of the work will be to develop the theory in a separatrix geometry and we discuss some of the challenging problems which need to be addressed to reach this goal.
II. LOCALIZED PEELING STABILITY CRITERION
The stability of both the peeling and ballooning modes are based on the MHD energy principle. The peeling mode occurs when its resonant rational surface lies near the plasma surface, in which case the expression for the energy can be simplified. The calculation is given in the Appendix, where we repeat the derivation by Lortz of the change in energy associated with a localised surface mode. 9 ͑This Appendix also serves to define the MHD energy principle and some of the notation used.͒ By adopting trial functions for the radial plasma displacement, , it is then possible to derive a necessary stability criterion for this mode. 10 In this section we describe the essential features of this stability criterion which will be used in Sec. III to compare with the numerical calculations.
The potential energy is
where xϭ⌬ represents the plasma edge, xϭ0 is the rational surface, and xϭϱ is deep in the plasma core. The geometry is illustrated in Fig. 1 and the equilibrium flux surface quantities P, Q, and S are defined in Eq. ͑A23͒ of the Appendix. The Euler equation which minimises Eq. ͑2͒ is
with solutions
where
It is interesting to note that the Mercier coefficient D M ϵϪQ/ P ͑Ref. 16 uses the notation D I ϭD M Ϫ1/4͒, and therefore the necessary stability criterion, that the solutions be nonoscillatory in x, is simply the Mercier criterion
However, the existence of an edge current provides a more restrictive necessary stability criterion. There are two situations of interest: ͑a͒ when the rational surface is inside the plasma ͑in which case ⌬Ͻ0͒ and ͑b͒ when it is outside ͑see Fig. 1͒ . Consider first the situation when the rational surface is inside the plasma, and choose a trial function which is zero for xϾ0 and satisfies the Euler Eq. ͑3͒ for ⌬ϽxϽ0 ͓see Fig.  1͑a͔͒ . This effectively replaces the upper integration limit of ␦W with 0, so that for ␦W to be finite we must choose a Ϫ ϭ0. The result for ␦W is that
so that stability requires
We turn now to the situation when the rational surface is outside the plasma. We are only interested in the form of within the plasma, so we select the solution to the Euler equation which is well-behaved as x→ϱ; i.e., we set a ϩ ϭ0. Thus in this situation we find
and stability requires
Combining Eqs. ͑8͒ and ͑10͒ ͑since both must be satisfied for stability͒ and recalling the definitions of S and P ͓Eq. ͑A23͔͒, the stability criterion for the usual tokamak case, j ʈ Ͼ0, becomes
where all quantities are to be evaluated at the plasma surface. This illustrates the destabilizing nature of the edge parallel current density when it is in the same direction as the magnetic field. An interesting question concerns the role of the Pfirsch-Schlüter current, which is parallel to the magnetic field on the outboard side and antiparallel on the inboard side. This current can be expressed as
where IϭRB , with B the toroidal magnetic field strength, and angled brackets denote the flux surface average
Therefore, the Pfirsch-Schlüter current provides a contribution
to the right-hand side of Eq. ͑11͒, in the notation of Glasser, Greene, and Johnson. 17 Thus, continuing with this same notation, we can write the stability condition ͑11͒ as
where now j ʈ excludes the Pfirsch-Schlüter contribution. An interesting result is that for a large aspect ratio, low ␤ ordering ͑␤ is the ratio of thermal energy to magnetic energy͒, for which E,F,HӶ1, the right-hand side of Eq. ͑15͒ becomes equal to ϪD R , where D R Ͻ0 is a necessary condition for stability to resistive interchange modes, 16 i.e., the stability condition in this case can be written
where sϭ(r/q)(dq/dr) is the magnetic shear, r is the minor radius, and ( j ʈ /B) edge is positive when j ʈ is in the direction of the magnetic field. Note that when an edge current exists this condition is more restrictive than the resistive interchange stability criterion (D R Ͻ0). Expressions for D R , including weak shaping, exist in the literature 18, 19 and can simply be substituted into this expression. If the effects of shaping are neglected, the leading order stability condition can be written in terms of the radial derivative of the Shafra-
where the ballooning stability parameter 2 dp dr ͑18͒
characterizes the edge pressure gradient and j ʈ driven is the externally driven current ͑i.e., Ohmic plus auxiliary͒ with the bootstrap current and Pfirsch-Schlüter current subtracted. The term proportional to (1Ϫ1/q 2 ) originates from D M , while that proportional to ⌬Ј originates from the PfirschSchlüter current, and both effects are stabilizing for a large aspect ratio, weakly shaped tokamak equilibrium. The third term on the left-hand side stems from the bootstrap current contribution to j ʈ and is found to be destabilizing. The fraction of trapped particles is represented by f t ϳ(r/R)
, in the banana collisionality regime, so that the bootstrap term is the dominant one ͓by (R/r) 3/2 ͔ on the left-hand side and instability is expected. At higher collisionality, when f t →0, stability depends on the balance between the stabilizing pressure gradient terms ͑left-hand side͒ and the destabilizing edge current density ͑right-hand side͒. Thus one would expect the peeling mode to emerge at low edge collisionality, while for higher collisionality it can be stabilized by sufficiently high pressure gradient.
III. EDGE BALLOONING MODES
The previous section was concerned with very localized edge modes at high n ͑i.e., localized to less than the distance between mode rational surfaces͒ and neglected any effects due to toroidal coupling of ''internal'' Fourier modes localized about adjacent rational surfaces. This is known to be important in typical tokamak core conditions at high pressure, when ϳn 1/2 rational surfaces are coupled to give the so-called ballooning mode. In this section we investigate the modifications to the peeling mode due to toroidal coupling as the pressure gradient increases towards values corresponding to ballooning instability. This paper is concerned with the essential features of edge mode structures and stability, which we illustrate with a simple model tokamak equilibrium that encompasses the features of the familiar sϪ␣ model originally employed to investigate core ballooning stability.
14 This equilibrium is based on a self-consistent low ␤ expansion of a circular, large aspect ratio tokamak equilibrium, but with the pressure gradient enhanced in a narrow radial region of interest ͑in this case, at the plasma edge͒.
To derive the edge MHD stability equations, we begin with the change in energy associated with a small plasma displacement
where ␦W F is the change in energy associated with the plasma, integrated over the plasma volume, ␦W S is the energy change associated with the plasma surface, and ␦W V is the energy change associated with perturbations of the magnetic field in the vacuum region outside the plasma ͑the effect of any surrounding vessel is not important for these high n modes͒. We begin with the plasma contribution, which can be derived from Eq. ͑A1͒ in a large n expansion: Terms of O(1/n) will be shown to be unimportant, and are therefore not retained here. Using the same variables as in the Appendix, we can express ␦W F in terms of X, related to the radial component of the plasma displacement,
which, not surprisingly, is the same result as that derived for core modes. 8 However, because the integral over extends to the plasma edge, the various integrations by parts used to derive Eq. ͑20͒ result in a number of surface terms, which
where the flux surface integral is taken over the plasma surface. We have introduced the parameter which represents the edge current density parallel to the magnetic field:
Defining a ''straight field line'' angle
where k plays the role of a radial wave number, we Fourier decompose the radial displacement
Anticipating later results, we restrict our attention to a radial distance extending over ϳn 1/3 rational surfaces from the plasma edge, and drop terms of O(1/n) to derive
͑24͒
At this stage we consider a specific model equilibrium, based on the sϪ␣ model described above. For simplicity we drop the last term of Eq. ͑24͒ which, although formally of the same order as equilibrium radial variations ͑which are retained͒, adds little to the essential understanding of the nature of MHD stability at the plasma edge. We justify this as follows. In the next section we shall demonstrate that the largest distance covered by the modes of interest is ϳn 1/3 rational surfaces. This distance is determined by the small terms ϳn Ϫ2/3 of Eq. ͑24͒ which vary with radius across the rational surfaces: The term which we drop is also ϳn Ϫ2/3 but does not vary across rational surfaces, by which we mean it is invariant under the transformation m→mϩ1 and nq →nqϩ1, and it will not therefore affect the leading order mode structure. Thus, after integrating over the poloidal angle, we arrive at our final result for ␦W F ␦W F ϭϪ
͑25͒
Here we have defined a ''shifted'' poloidal mode number M ϭm 0 Ϫm, where m 0 is the poloidal mode number of the first rational surface outside the plasma ͑i.e., M increases into the plasma from the edge͒. We have also defined a new radial variable xϭm 0 Ϫnq ͑26͒ which also increases into the plasma from the edge. Thus x ϭ0 is at the location of the first rational surface outside the plasma, while xϭ⌬ defines the plasma edge ͓see Fig. 1͑b͔͒ . The pressure gradient parameter ␣, familiar from ballooning theory, 14 couples different poloidal harmonics and also leads to a magnetic well, which can provide stability to peeling modes as described in Sec. II. We have introduced such a term through the parameter d m , where d m is related to the Mercier coefficient introduced in the previous section
A more accurate calculation to higher order in ⑀, where ⑀Ӷ1 is the inverse aspect ratio, leads to d m Ӎ⑀(q Ϫ2 Ϫ1); we have neglected the effects of shaping. Although formally this term is small in ⑀ it does have a qualitative effect on the stability criterion. A further detail used in deriving Eq. ͑25͒ is that we have redefined k to absorb the sin k terms which arise from Ј defined in Eq. ͑22͒, so that for this equilibrium k→k ϩ(␣/s)sin k.
The same expansion can be used to derive the form for the contribution of the surface term to the energy
where the edge current density along the magnetic field is now expressed in terms of the dimensionless parameter ␥ ϭ2 j ʈ /͗ j͘ ͑͗ j͘ is the average current density, the ratio of total plasma current to the poloidal cross-sectional area of the plasma͒; for the large aspect ratio, circular cross section plasma we are considering, ␥ϭ2Ϫs. Finally, in the cylindrical approximation the vacuum contribution can also be expressed in terms of a surface term
͑29͒
From Eq. ͑25͒ we can immediately write down the Euler equation which minimizes the plasma energy ␦W F with respect to variations in u m *
The boundary conditions on this set of coupled differential equations are that u m (x)→0, for all m, as x→ϱ ͑i.e., deep in the plasma͒ and that the ''surface'' contributions ͑28͒ and ͑29͒ to the energy be zero ͑which then implies ␦Wϭ0, as required for marginal stability͒. Again, the surface terms are stationary with respect to variations in the surface values of u m * , provided
which includes the contribution due to the vacuum energy, and ␥ϭ2Ϫs has been substituted. In addition, we have included an artificial ''kinetic energy'' term on the right-hand side, which simplifies the identification of the most unstable mode ͑i.e., that with lowest ⍀ 2 , where ⍀ plays the role of the mode frequency͒. We are interested in determining marginal stability conditions, for which ⍀ 2 ϭ0. As an aside, it is interesting to note that there are two alternative ways to derive the boundary condition equations. First, one can solve the Euler Eq. ͑30͒ and then the condition that the resulting eigenfunctions u m match those in the vacuum is simply Eq. ͑31͒. This can be seen by integrating Eq. ͑A18͒ of Ref. 20 across the plasma-vacuum interface, taking proper account of the discontinuities in pressure gradient and current density. A second technique is to take a set of linearly independent solutions to Eq. ͑30͒ which satisfy the boundary condition at x→ϱ, say v m j (x). The u m (x) are constructed as linear combinations of these
where a set of equations for the coefficients a j are derived by substituting Eq. ͑32͒ into Eq. ͑28͒ and minimizing with respect to a j . This approach gives the same stability boundaries as those derived later in this paper.
The system of equations ͑30͒ and ͑31͒ constitutes the model with which we analyze the stability and mode structure of peeling and ballooning modes. In the following subsections we solve this system of equations by ͑a͒ full 2-D numerical solution and ͑b͒ a ballooning solution when ␣ is close to the ballooning stability boundary. Radial equilibrium variations are modeled by
where the subscript a signifies the edge value and we consider constant shear s for simplicity; this is adequate for discussing the essentials of the radial mode structure. The parameter ␣ d represents the strength of the radial variation.
A. Full 2-D solution
Before we consider the full 2-D problem, it is useful to plot stability boundaries from both the local peeling mode theory discussed in Sec. II and a naive application of ballooning theory, i.e., we do not concern ourselves with the inconsistencies in the higher order ballooning theory for the present-these will be addressed later in Sec. III B. We develop a ballooning solution to Eq. ͑30͒ by writing u m (x) Ӎe imk u(xϪM ), where k represents the standard ballooning phase angle, related to the radial wave number as discussed in Sec. I. As we shall restrict our consideration to ballooning stability in the first stable regime, we can take kϭ0, in which case we write
and derive the leading order ballooning equation from Eq. ͑30͒
͑35͒
where hϭsϪ␣ sin , ͑36͒ ⌫ϭcos ϩh sin ϩd m ,
͑37͒
and the boundary condition that y→0 as ͉͉→ϱ is to be imposed. ͑It is straightforward to generate the ballooning equation for arbitrary k, but an unneccesary complication for the present model.͒ Apart from the magnetic well term, d m , this equation corresponds to the standard sϪ␣ model. Using Eqs. ͑1͒, ͑27͒ and the equilibrium condition ␥ϭ2Ϫs, we obtain the peeling mode stability boundary and from Eq. ͑35͒ we obtain the ballooning mode boundary; these two boundaries are shown in Fig. 2 . We turn now to the solution of the full 2-D system of equations. The numerical procedure follows a ''forward-and backsubstitution'' technique 21 for a vector u(x), whose elements are the u m (x); this treats ⍀ 2 as an eigenvalue for a given choice of s and ␣. Values of s and ␣ for which ⍀ 2 ϭ0 define marginal stability curves in the sϪ␣ diagram ͑although ⍀ is not a true mode frequency, it does have the property that ⍀ 2 Ͻ0 corresponds to instability, while ⍀ 2 Ͼ0 corresponds to stability͒. Rather than s, we shall use the edge current density parameter ␥ϭ2 j ʈ /͗ j͘ϭ2Ϫs. Figure 3 shows the variation of edge current density with ␣ at marginal stability for ⌬ϭ0.005, demonstrating that there can be two solutions for ␣ for a given edge current density. The upper solution occurs just below the ballooning stability boundary, while the lower solution is close to the peeling mode boundary. This is in qualitative agreement with earlier studies of coupled peeling-ballooning modes, which considered ⌬Ӷ1 and employed simpler models of the plasma equilibrium than that developed here. [22] [23] [24] A comparison between the full 2-D calculation of the marginal stability curve and those derived for the individual peeling and ballooning modes is shown in Fig. 4 , which also shows the marginal stability curves for a range of other values of ⌬. For very low ⌬ ͑e.g., ⌬ϭ0.005͒ and low edge current, the stability boundaries are described reasonably well by the peeling and ballooning mode boundaries. At higher current density, the ballooning and peeling modes couple and reduce the stable region. This effect was also predicted in the earlier analyses of coupled peeling-ballooning modes. [22] [23] [24] However, at larger ⌬ the peeling mode stability criterion is no longer an accurate prediction of the actual stability boundary. This is associated with two effects: ͑1͒ the stabilizing effect of the vacuum ͑neglected in the peeling analysis͒ becomes important and ͑2͒ there is a small amount of ''small'' solution in the peeling modelet which was neglected in the trial function The dashed curve shows the peeling mode stability criterion from Eq. ͑11͒ and the dotted curve is the nϭϱ ballooning boundary evaluated from Eq. ͑35͒.
used to derive Eq. ͑10͒ ͑i.e., a ϩ is small, but not zero͒. In fact, it is possible to solve the ␣ϭ0 limit of the system of equations ͑30͒ and ͑31͒ analytically to derive the minimum current required to destabilize the peeling mode as a function of ⌬
which agrees with the results of the 2-D calculation. For large ⌬, approaching unity, the peeling mode plays essentially no role in the edge stability, as can be seen from the stability boundary for ⌬ϭ0.9 shown in Fig. 4 : This is close to the ballooning boundary. In fact, in the absence of edge current, the behavior of the ballooning mode boundary with ⌬ is rather interesting. For low values of ⌬ ͑⌬Շ0.05͒ the coupling between the ballooning mode and peeling mode increases with ⌬ and the critical ␣ for instability in the absence of edge current reduces. However, for ⌬տ0.05, the coupling between the modes weakens and as ⌬ is increased towards unity, the critical ␣ rises above the nϭϱ ballooning limit. This is illustrated in Fig. 5 which shows the variation of the critical ␣ required for instability in the absence of edge current. We note that, despite our observation in the Introduction that the conventional higher order ballooning theory is not valid at the plasma edge, the stability boundary does appear to be governed by the leading order ballooning theory, at least when the peeling mode is not important. We shall return to this in the following subsection. It is interesting to look at the radial structure of these modes, which have very different forms depending on the proximity of ␣ to the ideal nϭϱ ballooning limit. Up to quite large ␣, ␣ ϳ1, only a relatively few poloidal Fourier harmonics are coupled. This is illustrated in Fig. 6 which shows the mode structure for a peeling-type mode with ⌬ϭ0.01 at ␣ϭ1. To investigate the mode structure close to the ballooning limit, we consider a larger value of ⌬, ⌬ϭ0.9, to suppress the peeling mode: Figure 7 shows a dramatic increase in the number of Fourier harmonics which couple to form the ballooning mode structure. Note that this ballooning instability is much more radially extended than the peeling mode, and spans many rational surfaces; we shall consider this further in the following subsection. 
B. Edge ballooning theory
As discussed in the Introduction, conventional ballooning mode theory 8 is not valid at the plasma edge. The reason that it fails is that the ''local'' eigenvalue 2 varies essentially linearly with radius, while conventional ballooning theory requires the eigenvalue to have a local minimum in radius. In this subsection we describe a modified ballooning formalism which accommodates this situation and is valid at the plasma edge.
We start with the Euler equation, derived from Eq. ͑20͒, describing the MHD stability of a general tokamak plasma to high n modes
and we neglect the surface term, which is not important for ballooning modes that penetrate deep into the plasma ͑see Fig. 7͒ . We now apply the ballooning transformation
whose value relies on the slow radial variation of the equilibrium from one rational surface to the next. Clearly this fails at the plasma edge, where the pressure gradient changes discontinuously from a finite value inside the plasma to zero outside, for example. However, we note that only a relatively few Fourier ''modelets'' extend to the plasma edge, so we neglect the effect of the edge discontinuity and simply map the periodic variable to the infinite variable , with the periodicity boundary condition replaced by the boundary condition that the ballooning transformed displacement F →0 as ͉͉→ϱ ͑i.e., the conventional boundary condition in ballooning theory͒. We define a new radial coordinate y ϭn
(Ϫ a ), where a is proportional to the poloidal flux at the plasma edge, and assume ‫ץ‬F/‫ץ‬yϭO(1) ͑to be justified a posteriori͒. Equation ͑39͒ then becomes
͑41͒
We recall a prime denotes a derivative with repect to and we have defined
Note that we have introduced a ''fictitious'' eigenvalue ⌳, which has no particular physical significance but provides a useful device to obtain the marginal stability condition; at the end of the calculation we apply the ''dispersion relation'' ⌳ϭ1 ͑43͒
which is the condition that the actual pressure gradient corresponds to the marginal value. We now expand
and introduce a local eigenvalue
The Euler equation can now be written, collecting powers of n Ϫ1/3
:
where the operators take similar forms to those of the conventional ballooning theory
We now solve this system order by order in n
; to leading order
Noting that L 0 is a differential operator in alone, and depends only parametrically on and k, we can write F 0 ϭA(y) f 0 (,) and ϭ(k,). The form of A(y), the value of k, and the relation between ⌳ and are all determined at higher order, as we now demonstrate. Thus, proceding to O(n
), we have
A solubility condition is derived by multiplying Eq. ͑50͒ by f 0 and integrating over
where we have defined ͗¯͘ϭ ͵ Ϫϱ ϱ¯d .
͑52͒
Note that the first term in Eq. ͑51͒ is zero as a consequence of the Hermitian nature of L 0 and M 0 and Eq. ͑48͒. Differentiating the zeroth order result
with respect to k we find that Eq. ͑51͒ can be expressed in the form familiar from conventional ballooning theory, i.e., ‫,͑ץ‬k ͒ ‫ץ‬k ϭ0 ͑54͒
which determines the value of k. We now proceed to the O(n Ϫ2/3
) equation, which has the solubility condition
͑55͒
This condition provides the equation for the envelope function A, with the relationship between ⌳ and determined by the eigenvalue condition. Using results derived from differentiating Eq. ͑53͒ with respect to k, together with Eq. ͑50͒, the envelope equation can be simplified
where we have Taylor expanded about yϭ0,
This is an Airy equation, 15 and clearly for ЈϽ0 ͑which corresponds to the plasma becoming more unstable as the edge is approached͒ we must choose
i.e., the value of k from the solution of Eq. ͑54͒ that maximizes instability ͑note, y becomes increasingly negative into the plasma͒. Thus the solution for the general equilibrium case is the Airy function
where kk ϵ‫ץ‬ 2 /‫ץ‬k 2 and a ϵ( a ). To obtain the eigenvalue condition, we must specify the value of A(y) at the plasma surface (yϭ0). Neglecting the coupling to the peeling mode and other external modes, we expect A(yϭ0)ϭ0; this condition leads to the dispersion relation
.
͑60͒
We note that the envelope A does indeed vary on the length scale associated with y ͑as assumed in the n Ϫ1/3 ordering͒, so that the ballooning mode penetrates a distance ϳn 1/3 rational surfaces into the plasma; also the correction to the leading order (nϭϱ) ballooning eigenvalue is O(n
). These results can be compared to the conventional ballooning mode, which spans ϳn 1/2 rational surfaces, and has a correction to the leading order ballooning eigenvalue which is smaller, i.e., O(n Ϫ1 ). The ballooning analysis results can be compared with the 2-D sϪ␣ model results described in the previous subsection. For this comparison it is convenient to write
where the radial variation in the pressure gradient parameter ␣ is characterized by ␣ d , as for the 2-D model ͓see Eq. ͑33͔͒. The ballooning equation for this model has been derived in Eq. ͑35͒, with ␣→ a ␣ to take account of the fictitious eigenvalue a , i.e.,
with hϭs(Ϫk)Ϫ␣ sin and ⌫ as defined in Eq. ͑37͒.
Thus the technique to derive the marginal stability curves in the sϪ␣ plane, retaining finite n corrections, is as follows. First we fix s and guess the critical ␣ for marginal stability for this s. Equation ͑62͒ is then solved to derive a , kk and ␣ ‫.)␣ץ/ץ‪(ϵ‬‬ We then iterate on ␣ until Eq. ͑60͒ is satisfied for ␣ ; clearly for n→ϱ, the marginally stable path in the sϪ␣ plane is given by a ϭ1. In Fig. 8 we fix sϭ2 ͑i.e., no edge current density͒ and compare the results for the marginally stable ␣ c obtained from the full 2-D eigenvalue code with those obtained from the ballooning analysis described above. The results are plotted for a range of n, and are broadly in agreement: The difference between the two results scales approximately as 1/n. In particular, in Fig. 9 we show that the critical ␣ calculated from the 2-D code does indeed have a correction ϳn Ϫ2 /3 , and that an n Ϫ1 correction predicted by conventional ballooning theory does not describe the results from the 2-D code. FIG. 8. Comparison of the critical ␣ c for ballooning stability at sϭ2 for the same parameters as used for Fig. 4 ͑⌬ϭ0.9͒ , plotted as a function of n. The full curve is the solution to Eq. ͑62͒, taking the finite n correction into account, while the dots are the solutions to the full 2-D Eq. ͑30͒.
As a final comparison between the ballooning results and those from the full 2-D calculation, we plot the radial envelope of the eigenfunction predicted by the Airy function solution to Eq. ͑56͒ as the dashed curve in Fig. 10 . This solution has the boundary condition A(x)ϭ0 at the end point, for consistency with the 2-D solutions with cut-off M ϭ26 for nϭ20 and M ϭ30 for nϭ40 ͑since this is a finite end point, it introduces a small amount of Bi, 15 the second solution of the Airy equation͒. We see that good agreement can be obtained if the ballooning eigenfunction is shifted by two rational surfaces towards the plasma edge, which is consistent with the O(1/n) difference between the 2-D and high n ballooning theory eigenvalues illustrated in Fig. 8 .
IV. SUMMARY
We have calculated marginal stability curves for high n MHD instabilities at the plasma edge. Two types of instabilities have been identified from the 2-D calculation of the marginal stability boundaries: One is a current-driven peeling mode, and one is a pressure-driven ballooning mode. The peeling mode is dominated by a single poloidal Fourier harmonic associated with the first rational surface outside the plasma, but this can drive several ''sideband'' harmonics in the plasma edge region. The number of coupled harmonics appears to be most sensitive to ␣; as the pressure gradient is increased towards the ballooning instability boundary there is a sudden dramatic increase in the number of harmonics which are coupled to form the ballooning mode. Analytic calculations demonstrate that the ballooning mode has the same nϭϱ stability boundary as that predicted by the conventional ballooning equation when the coupling to the peeling mode is not important ͑e.g., when the last internal rational surface is close to the plasma edge͒. However, the edge ballooning mode has a larger, stabilizing, finite n correction, proportional to n Ϫ2/3 , than conventional ballooning theory would predict. Furthermore, the individual poloidal Fourier harmonics are coupled and have an Airy function envelope, while conventional ballooning theory would predict a Gaussian envelope. The ballooning mode penetrates a distance ⌬rϳ(nqs) Ϫ2/3 a into the plasma, i.e., a fraction ϳ5% of the plasma minor radius for typical tokamak parameters ͑n ϭ10, qϭ4, sϭ2͒, which is comparable to a typical H-mode pedestal width.
While we have considered a model system based on a limiter tokamak equilibrium, the features of the instabilities we have examined offer explanations of several features observed in separatrix plasma H-modes. An example is illus- Fig. 4 for ⌬ϭ0.9 . Two values of n are shown: ͑a͒ nϭ20 for which the Airy function has been shifted by two rational surfaces towards the plasma surface to obtain a good fit and ͑b͒ nϭ40 for which the Airy function has been shifted by 2.5 surfaces. trated by Eq. ͑17͒ which describes stability to the peeling mode. If the edge plasma collisionality is high, so that the fraction of trapped particles f t is small, then stability to the peeling mode can be achieved by raising the edge pressure gradient. It is difficult to imagine that an edge transport barrier can form while the peeling instability is active, so that a necessary condition for an L-H mode transition is that the peeling mode be stabilized: This would correspond to a power threshold. However, if the edge collisionality falls once the H-mode has been accessed, so that the edge bootstrap current is enhanced through f t , the peeling mode would become unstable, resulting in a collapse of the transport barrier. It is interesting to note that there is a dramatic loss in confinement in low collisionality Joint European Torus ͑JET͒ 25 discharges, but that this can be prevented by a current ramp-down. 26 In addition, COMPASS-D 12 cannot access the H-mode if the density is low, which may correspond to low edge collisionality.
When coupled with the ballooning mode, the peeling mode also provides a model for Type I ELMs. The conceptual picture is illustrated schematically in Fig. 11 . First, the peeling boundary is crossed and the resulting improvement in edge confinement causes the pressure gradient to rise to the ballooning limit, where it is held ͑1͒. Meanwhile, the current increases ͑usually on a slower, resistive time scale͒ due to the rise in bootstrap and Ohmic currents and the plasma reaches the top corner of the stable ''triangle'' ͑2͒. As the stability boundary is crossed, there is a loss of edge confinement so that the edge pressure gradient drops, further destabilizing the peeling mode. Thus there is a rapid collapse of the pressure gradient ͑3͒, which we interpret as the Type I ELM crash. Note that the plasma can ''sit'' against the ballooning limit for some time before the edge current builds to a sufficient level to cause the ELM. This feature has been observed in several tokamaks. [5] [6] [7] To make more quantitative statements about the role of edge MHD and ELMs requires the particular features of plasma flow ͑driven by the radial electric field in H-mode discharges͒ and separatrix geometry to be taken into account. A sheared flow is likely to have a significant stabilizing effect on the ballooning mode and will also modify its radial structure, for example. 27 There are two clear differences between limiter and separatrix geometry relevant to the peeling mode stability analysis. In the separatrix geometry, q→ϱ at the separatrix so that, first, one can always place the reference rational surface inside the plasma and, second, one cannot neglect the variation of q across the mode width. A third complication with the separatrix geometry is that there are many ͑indeed, formally an infinite number͒ rational surfaces between the reference rational surface and the plasma edge, which may complicate the local peeling stability analysis as developed in the Appendix. An interesting feature of separatrix geometry is that the dominant contribution to Eq. ͑1͒ from the Pfirsch-Schlüter current will originate from poloidal angles in the vicinity of the X point. Thus an inboard X point is expected to be strongly stabilising for peeling modes because the Pfirsch-Schlüter current is negative there, while an outboard X point will be destabilizing. Work is under way to address these geometrical and plasma flow issues. 
APPENDIX: PEELING MODE ENERGY PRINCIPLE
In this appendix we derive the peeling mode energy principle. While this appears elsewhere in the literature it is useful to repeat the calculation in full here as we make reference to specific details and notation in the main body of this paper.
Lortz demonstrated that the vacuum contribution to the change in potential energy associated with a localized surface mode could be neglected; 9 we therefore only consider the change in energy associated with the plasma. This has been calculated in the convenient form and expressed the components of in terms of FIG. 11 . Plasma parameter evolution during ELM cycle ͑dashed curve͒ relative to edge MHD stability boundary ͑full curve͒: edge pressure gradient rises up to ballooning limit ͑1͒, which restricts further increase; edge current rises due to Ohmic and bootstrap currents ͑2͒ up to top corner of stability boundary; plasma instability flushes out pressure, enhancing the instability and resulting in a crash of the edge pressure gradient and current ͑3͒, which is interpreted as the ELM crash. The cycle repeats with further heating.
XϭRB p , Uϭ ͩ 
͑A6͒
with ϭIJ/R 2 , j the toroidal current density, k ʈ is a parallel wavenumber, and prime denoting a derivative with respect to . Neglecting the vacuum energy, the integral is over the plasma volume.
Our goal is to determine an eigenmode equation by deriving the Euler equation which minimizes ␦W. As the last term in ␦W is positive definite, Z is to be chosen so that this is zero. Thus it remains to minimize ␦Wϭ 1 2
